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Foreword

This is part I of the final technical report for Contract go. N62269-
76-C-0378, which is sponsored by the Naval Air Development Center, Warmuister,
Pa. The work was performed during the period of July 1, 1976 through
December 30, 1977. Mr. Lee W. Gause was the contract monitor.

The contracted study is under the title "Certification of Composite
Aircraft Structures under Impact, Fatigue and Environmental Conditions";
parts I and II of the s'udy are under the supervision of Dr. P.C. Chou, while
part III is under Dr. A.S.D. Wang, both of Drexel University,

This report concerns part I of the contract, low speed impact of plates
of composite materials. It is a self-contained report, including definitions
of all nomenclature used, and its own Introduction and conclusions.

Ilia authors wo4ld like to thank Dr. Edward J. McQuillen, Dr. James L.
Huang and Hr. Lee W. Gause for the frequent technical discussions. They
would also like to thank Mr. Frank Patota and Mr. George Chou who helped
conducting part of the experiments.
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k I, INTRODUCTION

Aerospace structures frequently undergo impacts by blunt objects, in-

cluding dropped tools, hail, and runway stones impinging on exposed aircraft

components, and foreign objects entering jet engines. The failure of a

component subject to such an impact is often of the structural type, rather

t -an due to local penetration or indentation. A number of numerical techniques

(e.g., fl~ite-eltment method, lumped-parameter models) are available for calcu-

lating structural response to impact, but these are typically complicated,

time-consuming, and usable only on a problem-by-problem basis. Designers need

a quick, convenient, widely applicable method for this purpose.

In a previous report [1], a method was developed for constructing a de-

sign curve which predicts the response of a givev type of structure to impact

loading. This curve gives the maximum strain in the structure, which may have

various dimensions and material ptoperties, due to impacts involving a certain

range of impact masses and velocities. An example of the bending response of

a simply supported beam under central impact was prevented in detail. Both

experimental results and numerical calculations involving s&veral solutions

of beam Impact were used in establishing the design curve. The Impact cases

studied in [1I were liaited to large impactor mes, where the impactor has

uses roughly equal to or greater than that of the beia.

In the present report, the desigw-cutve approach is extended to aniaotropic

plates, and iacts by smeall iapactor4. Shear failures are also studied. The

elemntary wmdel of impaet on beano presented in (I) is generalized to eabrace

all structures. This modal is then applied to the cases of claped and

).I
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simply supported anisotropic rectangular plates and to predicting impact

failure due to shear effects in both beams and plates. Design curves are

also developed for predicting the response of beams and plates to impact

by small impactors. In each instance, both analytical methods and impact

experiments are employed in generating the design curves.

In dealing with low-velocity impact problems, it is convenient to divide

them into two domains, based on the ratio M of the mass of the structure to

the mass of the impactor (see Fig. 1). The motion of the impactor and the

response of the structure for a large impactor differ greatly from those for a

small impactor. The two domains will be treated separately; the assumptions

and final design curves are also different for the two domains.

In impacts where the mass ratio M is small (large impactor), it has

been observed that multiple collisions occur and that the general motion of

the impactor follows the path of the structure at the impact point (Fig. la).

The final rebound of the impactor takes place after the structure has reached

its maximum deflection. Further, the entire event is generally more pro-

longed than the fundamental period of structural vibration.

On the other hand, when M is large (small impactor), only a single,

S!- .udden collision occurs, after which the impactor rebounds and the structure

continues to vibrate freely, reaching its maximum deflection at a later time

(Fig. lb). The duration of actual contact is characteristically much shorter

than the f und.ment&l period of vibration. The sudden rebound of the impactor

4 , is due chiedly to the elastic resistance of the structure and the iqmator

to local indentation, i.e., contact effects between the two bodies.

2
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In [1], six analytical models of impact were examined, including two

classical one-degree-of-freedom models; a two-degrees-of-freedom model which

accounts for contact effects; a solution by Clebsech [2], which assumes plastic

impact and treats the beam with attached impactor as a free-vibration problem;

a mudified Clebsch solution due to McQuillen et al. [3]; and Timoshenko's

solution 14], which couples the impactor displacement with the beam deflection

using Hertz's law for contact deformations. The dimensionless parameters

which determine the peak impact response according to each solution method

were derived.

It was shown in [1] that, for those models which neglect contact effects,

the maximum strain due to impact, when properly normalized to i, is a function

of the mass ratio K only and is independent of any other parameters. These

solution methods, however, are generally not suited for treating problems

involving small impactors. Conversely, the two models that include contact

effects indicate a dependence of C on M and another parameter, and are useful

over the entire range of M. For large impactors, it was demonstrated that the

dependence on the other parameter is weak, so that a single c vs. M curve

approximately represents all impact situations, in addition, when data from

"assorted impact experiments were plotted in coordinates of c and M, a single

curve could be drawn through all data points, with about + 303 verlation, for

... large impa.tr.
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it. this report, several approaches are taken in extending the design-

turve concept to impacts of other structures by large impactors (Section II).

r�Virst, the one-degree-of-freedom model described in (l] is generalized to

encompass all structures and is then applied to anisotropic laminated rectang-

ular plates with clamped and simply supported boundary conditions. Then, in

order to identify additional significant parameters, the structural impact

cquatiGni of Timoshenko are cast in a dimensionless form the influence of

each of these parameters is appraised by a series of calculations using

Timoshenko's solution in which the values of the parameters are systematically

%aried. No -- we discuss two series of impact experiments performed on lam-

inated graphite/epoxy nlates; in one series, the bending strains in the plates

we.e wviurzJ, and in the o'41er, the plates were repeatedly impacted at grad-

ually increasixg velocities until fsilure occurred. The purpose of these ex-

periments is tvofold* co verif:' thcA unalytically constructed design curves, and

to dvior.3t•oe now deig~a curves may also be constructed experimentally. Finally,

"design curves for predicting she!i: failure due to impact are developed, and

the relative importance of shear und beLAng effects in impact failure is did-,

"i• cussaed.

For cate" in which the mass of the impiactor is s&all with respect to the

mass of the structure (largo H), the .N °endence of the generalized strain c

on tij was ratio M is not axclusives an. ther dimensionless parameter whi,*1

Involves the Seometric and materia4 properties governing the contact effv,•,ts

between the two Widies can also be shown to be aibnificaut, This coantact

paramter, denoted A, and the mass ratio H together determine tae duration of

contact between the struzture and impactor (relative co the fundamental period

of vibratict), Wdch Is cypical&y quite ihort. Clearly, the duration of contact

is Ljortan. In daterululug the responso of the structure.

$
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The most sophisticated solution method applicable to problems involving

small impactors, the Timoshenko solution, involves a nonlinear integral

equation which can only be solved numerically on a problem-by-problem basis,

and is thus not convenient for developing a design curve. However, by making

the simplifying assumption that the structure does not appreciably deflect

during the short period of actual contact, the problem uncouples into two

parts - the elastic Hertzian impact of a sphere on a semi-ihfinite body, and

the vibration response of the structure to a dynamic load (i.e., the contact

force). This leads to an approximate relationship (for each type of structure)

between the parameters Z, M, and X, which may be further simplified to a

simple equation in the mass ratio H and a new generalized strain for small

impactors e* (Section III). By comparison with experimental data and with

calculations involving the complete Timoshenko solution, the form of this re-

lationship is shown to be useful as a design guide.

In Section IV, procedures for using the design curves presented in this

report are described, and a few examples are giveta. Also included are methods

for constructing new design curves for structures not treated in this report,

based on either analytical tools or impact experiments.

, .:

_ .•.6
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II. DESIGN CURVE FOR IMPACTS BY LARGE IMPACTORS

For impact cases where the mass of the structure is small compared to

the mass of the impactor, the structure may be assumed to behave as a simple

spring, or as a one-degree-of-freedom mass-spring system. Details of this

approach as applied to simply supported beams were presented in Ref.[l]; in

this section, this impact model is briefly reviewed, because it will be useful

lis in the development of parameters in plate impact problems. These parameters

are employed in constructing a design curve for predicting the response of

plates to impacts by large masses. Finally, by examining data from a large

number of experiments and by studying impact solutions using more sophisticated

analytical techniques, the validity of the design curve is established and the

A. Generalized One-Denree-of-Freedom 
Model

In this model, the impactor and the structure are considered attached to-

I ! gether after contact and move together as a single mass m, and the motion of

the structure is governed by an equivalent spring. The initial velocity of

the combined mass, v0 , may be determined by two methods: One is based on

the conservation of momentum (Fig. 2), the other on the conservation of energy

(Fig. 3). In the firset.case.

k wheat m2 is the impactor mass, and eam is an "equivalent" ases of the structure.

The equivalent mase may be obtained by matching the total kinetic energy of the

structure with the kinetic enegy of the unknown equivalent mass traveling at the

.velocity of tha impt polit in the structure, assmumnn that the defacti=• o oe

&hape is the static ifefletlon Cwove. Yoc., soply supported'beamp,

• . .

".
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e - 17/35. By equasting the momentum of the impactor before impact, m2 v,

with the momentum of the combined mass m, we have

v0 - v/(1 + eM). (2)
where M =rn/rn. (3)

Note that according to Eq. (2), the energy before and after impact is not
S2 2conserved, i.e., mv 2

In the energy conserved case, we assume e - 0, so that

v v (4)

As a result, the kinetic energy in the impactor is conserved, and will be

entirely converted to strain energy in the structure. For small values of

M, the difference between these two approaches is small,

The spring constant K 1is the force per unit deflection, with respect

to a force acting at the impact point in the direction of the impactor

evelocity, or

P-K w

After acquiring the initial velocity vO, the mass-spring systea is assumed

to perform a free vibration. The maximum deflection is then
S= VoV

"In modeling the structure by a mass-ep-ring system, it is inplied that only

"the first mode of vibration is retained and that its mode shape is the ae

as the static deflection distribution under a concentrated force.

i 4•' 1 •ext, we shall consider the most critical strain c 2 In the structure which

occurs at a knIow point 2. Assume that a proportional relation between c 2 and

$ vI ,un be found.

:i~i'•.9
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2 (( d l (6)

where d12 can be determined from the static deflection distribution, or from

experimental static measurements. Combining Eqs. (5) and (6), we obtain the

maximum strain as

VO •. (7)

or, combining Eqs. (1), (2), and (7),
mV2 -

2 --d - (8)
d1 2 F(1 +:) -Y,

I. Simply Supported Beam

The next step of defining a generalized strain c is best illustrated by

considering a specific type of structure. For a simply supported beam of

l'Ugth L and depth h, impacted at middle span, we have

d L216h (9)

and3
K X 48I/L • (10)I

Therefore,

V Cb V4 M(l+eM)
fS

where cb M ., the velocity of longitudinal waves in a bar.

Defining the generalited strain as

~~ma v h(12)
we obtain finally,

-i17.

.m .I . .... V4H10 (13)

which is the equation of the design curve for simly supported beam simpacted

by aem vassw, e given in (I.

to
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The corresponding expressions for d1 2 , K1 and e for simply supported

and clasped orthotropic plates will be given in the following sections.

2. Simply Supported Plate

The impact design curve for simply supported, rectangular,

orthotropic plates may be generated by applying the generalized one-degree-

of-freadou model. For transverse impacts at the center of the plate, we first

S€consider the corresponding static problem involving a centrally applied con-

centrat*ed load. In this case, the maximi deflection occurs at the center of

the plate, and the maximn strain on the surface opposite the applied load.

It is shonu in Appendix A that subject to a mild approximation, the spring

constant of a plate so loaded may be expressed as

w~4

- . 4 D (14)

S•there

(15)
u-l,3.5 n-l,3.5 Co

* (17)

Ca 4 + 2 2 n2 n+ 4n2
(1

The strain-deflection constant d 12 releting the straln due to bending in

the x-direction to the uaxina deflection vi L•

y d 12. ,2a 1 
(18)
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where

2

m1l,3,5 no1,3,5 (19)

By combining Eqs. (14) and (18) with Eq. (8), and assuming that e - 0

(conservation 'of energy), we obtain

C f W i h) h gr 1/2.21...,..20)2 m (20)2 D f l(n)j cl2" ( f (01

If we define the generalized strain as

ex mCQAX k (21)
maex

Vhere ep- iV7-its the speed of flexural waves in the plate in the
11

x-direction, and k is the radius of gyration of the plate, then,

!k (22)

where

81(n) f f(n)lIM (23)

This function is plotted in Fig.. 4. Similarly, we have
C , 1'Z 24)

yy

are functions not only of the structure-to-impactor mas ratio M but also

of the spect-orthotropy ratio n.

3. Clam&ed Plate

We my develop the design curve for clamped-edge. rectangular,

orthotropie plates In a similar manner. The spring constant of such a plate

with respet to a central point load my be expressed approzxiately (see

12

I
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Appendix B) as

b DI1
K1 " 3 (25)

a f3 Wn)

The strain-deflection constant d1 2 relating the strain in the "-direction with

the maximum deflection is
a 2 f 3n)

d 12 h _ (26)

where f 3 (n) and f 4 (W ) are given in Appendix B.

By combining Eqs. (25) and (26) with Eq. (8), and assuming that e - 0

(conservation of energy), and defining the generalized strain according to Eq. (21)

we obtain

S8 2 (n) (27)

where

h2 (n) - f (q)/lF (28)

This function is also plotted in Fig, 4. Similarly, we have

g 2 (29)

Equations (27) and (29) represent the impact design curves for a clsmped

rectangular plate. Again, the generalized straine. C and c are functions
Xn y

of both the mass ratio M and the aspect-orthotropy ratio n.

4. Cqpprehensive Impact Strain Curvy

ExamLnation of the design-curve equations developed above, Eq&. (22)o

(24), (27), and (29), hows that a different vo. K cur mugt be prePaed

not only for each boundary condition but also for each vale of the aspect

orthotropy parameter q.. These curves can be combined into a Single, coo-

: *,'-' prehenswv design curve if we introduce a nea s CmsnlxwL 14s 80eral'sed

13
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strain, c, defined as

V , i 1,2 (30)

where gl(n) applies to simply supported plates and is given by Eq. (23) and

g2 (n) applies to clamped plates and is given by Eq. (28). Thus, the

equation for the design curve in c vs. H coordinates becomes
I

- -.1/2
cM -(31)

All impact data, regardless of the boundary condition (simply supported or clamped)

or the value of the parameter q may be presented on a single curve. This

curve is shown in Fig. 5, in which are included data from numerous impact

experimts which are discussed in detail in a later section.

5. Critical Imact Velocity.Curve

The design curves in term of cx or c vs H give the =aimua strain in the

plate for a given impact situation. This strain .•ay be compared to the

ultimate failure strain of the plate (assuming a nsximum-straii failure

criterion) to determine whether the plate fails as a result of t given impact.

SHowever, by introducing a new parameter, the dimensionlesa i-act velocity,

we can construct an alternate form of the design curve which tan be directly

used to deteraine whether a given impact causes failure of the plate. Agoin,

the curve ay be developed either by analysis or by expervamt. To do this,

a dimensLonlesa impact velocity, v, to defined a

V h- 4 (32)
p

w(* a rv Is the 1sact wlocIty, b Is theaplate thickn2ess, c to the speed of

fle=&ra waves In the plates and k to the radius of gyration of the plate.
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Then, by Eq's (21), (22) aua (32) the critical dimensionless velocity •

(i.e., the lowest value of v ct which failure occurs) is related to the failure

attain Cf by

f~ (33)

In v vs. M coordinates, the curve v - v (M) divides the piane into a safe

a region (btlow the curve) in which failures due to impact do not occur (according

to the aasumed maximum-strain failure criterion) and an amsafe region (above

the vuxre) in which failures do occur. That is, if the point (v,M) corresponding

to a given impact situation falls above the curve, then failure occurs; ifk
the point falls below, no failure occurs. Thus, Eq. (33) is useful as a Le-

sign curve equation. A typical v vs. M curve is shown in kig. 12.

Further, if we define a new dimensionless impact vi4locity v such that

, ; ,i(n)

then the equation of the alternate design curve, in terms of v vs M, is

This single curve, v v,(M), may be used to predict impact-induced failure

for all place structures, regardless of the boundary conditions or the value

of the aspect-orthotropy ratio n (provided these structures have the saea

value of failure strain Cf). Note that the value of c can be taken as the

nominal value (say, the static ultimate strain) of the given material or can

be determined by performing a single iWpact-to-fallure test. A typical

vs. M curve is shown in Fig. 13.

B. Tioshenko Solution of Treneverre Plate gmet,

Tim. hanko's approach for solving transverse impast problem on simple

beamn by coupling Hertz's law of contact with the Suler beam equation has beas

17
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extended to the case of a simply supported rectangular plate by Bringen (5]

and more recently to the case of a simply supported anisotropic laminated

plate by Sun and Chattopadhyay (6]. In this section we review the salient

points of the latter solution and show how it may be used to develop an impact

design curve for anisotropic plates. In addition, a normalized form of the

equations corresponding to a special case of this solution is derived, so

that the dimensionless parameters governing the peak strain response may be

identified. Finally, a series of numerical computations is performed, in

which each of the derived parameters is systematically varied in order to

demonstrate the sianificance of each parameter in describing the response to

a given impact.

L. Description of Solution Method

The anisotropic plate equations of Whitney and Pagano [7) are used

to predict the plate motiou. Neglecting effects of rotatory inertia, the

deflection of a symmetric crons-aly laminatel plate due to a centrally applied

force F(t) is

2.f-2
V(X.y.t)-• F'"1(•) ¥(-) sinWVM(t-r) dV

sin *in ,US to 1,,.5..,-O (35)

where vi' a. and b are the seas and planar dimensions of the plate, and

w are natural frequencies dependant on a and n and the properties of the

£-I 's law of contact is "wead to hold

I -2312 (36)

18
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where k2 is a constant and a is the indentation of the impactor relative

to the plate surface, or

Q (a b i t) UM3/

0 for central impact, where w2 is the impactor displacement.

Newton's law applied to the impactor m2 is

- vt - , f Of dt dt 38)

These four equations (35-38) may be combined into a single nonlinear integral

equation in terms of te contact force F between the plate and the impactor,

•: p12/3 1 t t

--vt- O P dt dt

F(T) sin wmn(t-T)dT (39)

1 mu ,3,5 n=1,3,5 m O

which is solved numerically by applying the small-increment method suggested

by Timoehenko, in which the contact force F is assumed to be constant or

linearly varying during any time increment Ar. Expanding the above integrals

to calculate the force P during the ith time interval, we obtain

i--( l (40)

l~~i 'i ' whereL2 2,11 3 3 " -

•5:i' - coe[w m(t!-j+i)&r], upo a l,3,S,...,e.

If the coutact force is approximated as a piecewlse linear continuous

function of tun, with an average value of IF during the i time step$ then

I
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I

SDi-j+l Fj - 2[(-l)F1 + (i-2)(F 2 -F1 )

+ (i-3) (F 3-F 2+F1 )+. "+(i-I) (Fj-F00)+F_ 2 "+ +

(F1 1 -F 1 _2 +F1 _3 F1)] + -(F1 -F 1 .+F_2'... -T-F1 )

For computing the solution of Eq. (40), Sun and Chattopadhyay have

suggested a recursion method, but we have found that such a time-saving

approximation is unnecessary. A listing of the computer program for solving

this equation is presented in Appendix C.

2. Dimensionless Form of Timoshenko Solutions

a. Plate Impact

By expressing the Timoshenko solution in a particular normalized

(dimensionless) form, the parameters governing the impact response of plates

may be identified. Specifically, it is shown that the generalized strain x

depends on three dimensionless parameters: the mass ratio M, the aspect-

orthotropy ratio n, and also another paraumeter which involves the geometric

and material properties governing the contact effects between the plate and

the impactor.

For a simply supported rectangular plate impacted at the center,

let us consider the governing equation (39) and the strain equation,

20
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S2hv I,(.) * sin wv(t-.T)dT (41)
X a 2 n =

If we assume that the plate is specially orthotropic in bending (i.e., D16

D26 0) and further that the flezural rigidities are related by
26i

D + D )Fl % (42)

(see Appendix F) then the natural frequencies are

wm- , Am(n) (43)

where D 11•2

A . ,2 + 2
I 14'm

n- (,b) •Dll (44)

Note that this expression for the natural frequencies Is a special case

of that employed in the Sun and Chattopadhyay solution, In hicbh the

approximation of Eq. (42) is not used.

In order to uormalize Eqs. (39) and (41), the followlng dimmasonless

variablas are definad,

t tu

i * F - 3 a w /D vb (45)

S" Recalling the deftnition of generalitLd strain,
'•:-* %'Za €_k (21)

X hv P

then Eq&. (39) and (41) may be writtn as

1/3 4.2/ - X 1) o t it

L r A 6 W ) 8•m i•.. (i)[dt (46)

10 .•"•oa
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-22 (t
-4( -(")sin A( )Z-,,t(47d

ff J1+f) 3i '0

where

M - /(:)

and

A - ( 3 b) .- (48)
a3 vk2

and ; is a dummy variable for dimensionless time t. It can be seen from

these normalized equations that the generalized strain ex depends only on

the mass ratio H, aspect-orthotropy ratio n, and the parameter Ap; that is

x x(MHnrI p) (49)

The parameter IP defined in Eq. (48) may also be expressed as

p v p

" , 6 A )225

Thus, the parameter X can be described as the product of several dimension-P

leos quantities.
. { e~~i fQ- • .__!ave speed

A -consant)x ~. elastic force\2  . e L jxp (constant) x (contact force,/ , impact Velociety,

( (plate thickness\ .. . . r

.plate lea-th x [function of aspect-orthotropy ratio]

b. Beam Impact

"In Ref. (11. the equatious for the Timoabenko solution of beau impact

wvet presented and discussed. These equations may also be normlized by the

above procedure. If we Aefine

t, ,L /E.,

,, •aL~ml' •..,.
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, 4 then the equations governing the response of a beam, corresponding to

Eqs. (39) and (41) for the plate, may be written as

1/3 -2/3 ttPd ~¼ '. ._t-: Jldtd

4 12 1?:: •) sin i2(t-_;)dr (51)
.f 00

and

' I - - 2(7
7 ' F(•) sin i (t-T)d; (52)

where

1 2 W f, 2 h2(3

¼ )() (13 4 (
. which way be txpressed as

Xb=(constant x deflect on force 2
contact force,

wrave pe.ed x (radius of jratton

VNip&ct velocity depth of beau

It can be seen from Eqs. (51) and (52) thOt in this case the generalized

strain c depends only on the mass ratio A and the contact parameter ', or

7+ -

in Ref. (1) it was shown that for large impact masses (M <- 2) the

depeAdence of the generalized strain . on the contact parameter ¼ was only

s41iht; that is

"" 7 j(M)' for small 1.

For the case of plate Impact. the influence of the contact parmeter mwe

also relatively inignif leant in determining the peak strain response to

Imp.act by large mse. This 1.U be dea.nstratod In the following sectim.

23



NADC-78259.60

3. Parametric Study for Large Impactors

As can be seen from Eq. (49), the response of a specially orthotropic

plate satisfying the condition of Eq. (42) is described by several param-

eters: M, n, and X . In this section, we examine the significance of eachp

of these parameters for cases where the mass of the impactor is large com-

pared to the mass of the plate. It will be demonstrated that, for plates

of given aspect-orthotropy ratio. r, the dependence of the impact response

on parameters other than X is weak for low values of M, so that

x x(Msn) for small M.

To determine the significance of the various parameters to the impact

response, several plate impact problems have been calculated using the

Timoshenko solution method. Each problem of this series is based on an

impact situation with the impact constants listed in Appendix C. A para-

metric study was carried out by systematically varying the values of the

impact velocity v, the Hertzian contact stiffness k2a the plate flexural

stiffness matrix DijI and the impactor wass U2 A smary of this study.

along with the computed values of the generalized strains c and e and the

contact patater A is presented in Table I.

I

24

. ... .



NADC -78259 60
TABLE I

PARAMETRIC STUDY

PLATE IMPACT CASES CALCULATED BY THE TIMOSHENKO SOLUTION (ri-0.459)

Mass Impact Hertz Flexural Dimensionless Generalized Strain

o, Velocity Contact IStiffness Contact
vM/m/m2 v Stiffness, Matrix, Parameter, C

M /mk 2/k 2 0  iD /D 0 X10

1 1 4.94 2.536 1.538

1 2 1 1.748 2.592 1.556

I i1 2 39.54 2.339 1.440

1 1 1 6.99 2.770 1.702
0.784 -111 1]

I / ' 1 1 4.94 2.798 1.713
' -. . . . .- .... 4 . . . . .. 1 . . . .

1 1 1.748 2.848 1.731

;• •...-..-...... . . .-.- .. . -

1 1 2 39.54 2.609 1.635

1 1 1 6.99 3.298 1.983
• .• ~ ~~0.475 ....

R r2" 1 1 4.94 3.340 1.988

1 2 1 1 1.748 3.425 1.999

1 1 2 39.54 3.021 2.025

0.41 1 6.99 I 4.585 2.910

12 1 4.94 4.611 2.922

1 2 1 1.748 4.678 .2.946

11 2  39.54 2.794

25
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9 2.0 X......

1.0c
0.1 0.2 0.5 1.0 2.0

assi Ratio, HI l/M2

X Experiment - GrIEp plate

---- One-dogree-of-frcdom model., Sq.(22)

' -- 0-- Timoshenko solution

Figure 6. Generalized strain curves for sauply supported
rectangular orthotropic plates (ro0.459) subjected
to central transverse Impact.
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Note that for all of these calculations the value of the aspect-orthotropy

ratio n is the same (n - 0.459). An inspection of this table indicates that,

for any given value of the mass ratio M, the maximum difference between any

two values of e or of e is only 121, whereas the largest value of • is 22.6
x y p

times the smallest. It my be concluded, therefore, that the dependence of

the generalized strain Cx or c on the contact parameter X (or on any otheryP

parameters) is weak, and that for constant n a single e vs. M curve givesx
an acceptable representation of all impact cases. Furthermore, since the

powerful Timoshenko solution, which includes the effects of contact behavior$

indicates that such behavior does not significantly contribute to the impact

response, then the validity of the one-degree-of-freedom model, which neglects

contact effects, is thereby substantiated for the range of low N.

The Tioeheako solution may be used to construct an impact design curve

by plotting calculated points on an - vs. N graph (Fig. 6). These calcu-

lated points alone can be approximated by a single curve which my be used

as a design curve. Note that such a curve would not be very different from

the curve corresponding to the one-dearee-of-freodom model discussed in a

previous section. Also included in Fig. 6 art results of a series of impact

experimiemts parforved on the graphlte-epoxy lamdited plate described in

Appndix C [83

C. IMEct, E eraariments

Several series of Impact experiments were perforaed on simply supported

and clamped-edged plates, Including strain-messurement experiments and Impact-

to-failure tests, The plate spacienus, vade of aluminum or graphite/epoxy,

were impacted by blunt steel projectiles using a-drop-teat apparatus. In the

27
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strain-measurement experiments, the strain in the plate was recorded using

strain gases and an oscilloscope. In the impact-to-failure tests$, each plate

was impacted at gradually increasing impact velocities vatil it failed. In

this section, these experiments are described in detail, and the results are

compared with the theoretically derived design curves.

1. Specimens

The impact specimens included both alumini and laminated graphite/epoxy

plates. Three 6061-T6 aluminum plates were used with both simply supported

and clamped boundary conditions. The dimensions and mass of these plates

are: (1) 125x125x6.35 mm, 0.282 kg; (2) 250x125x6.35 am, 0.561 kg; and (3)

375x125x6.35 =a, 0.843 kg. These dimensions and =asees include only the area be-

tween the supports of the plates; an additional 10-ma margin was left along each

edge to support the plates.

Graphite-epoxy specimens, fabricated from Hercules, Inc.. type AS/3501-6

pre-impregnated tape at various lay-ups, were ued a" simply supported and

clamiped plates. The dimeisios, mass, and lay-up of each plate are listed In

Table It. These diumsions and masses again include only the area between the sup-

ports of. the plates; a 10-rn margn pt�-rrued beyond the supports arouad each plate

Elastic properties for the composite plates were calculated Crno laaina-

tien theory, using tbh folloing properties for each layer:

6 2a2  17.7410 pet - 1.220a11 V/l

'- 28

12 0.3

6 94

12 13 .516pi-3~2 9 Va
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TABLE III. SHEAR AND FLEXURAL STIFFNESSES OF

GRAPHITE/EPOXY PLATE SPECIMENS

.B-series, P-series H-series*

D 11 2470. 19750. 9970.

D 2 710. 5080. 4710.

D 963. 8100. 13300.

Flexural

Stiffuesses' D -73.3 -26.7 -529.

(Nl/r) 16

D2 6  -73.3 -26.7 -267.

D66 748. 5380. 4960.

-- i'i L-- --I

A4 4  77700. 154000. 147000.

Shear
Stiffneses A 0. C. 0.

A45S~~~~~~(N/rn..) .....- "-

A 78200. 155000. 147000.I5

30
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The computed values of the flexural and shear stiffnesses of each plate are

sumarized in Table III. In all further calculations, the D and D2o terms

are neglected; that is, the entire laminate is treated as specially orthotropir..

Calculated values of the parameter n and the functions g1 (i) and g 2 (n)

necessary to construct the design curves are listed in Table IV for each

graphite epoxy plate.

2. Strain-Viasurament Imact EXperiments

The plates were centrally impacted by blunt (6.35 , 12.7, or 25.4 mm

contact radius) steel cylinders of various masses at several velocities using

e drop test apparatus. The strains, ex and ey were measured, in directions

parallel to the plate edges, directly opposite the impact point, using a

Micro-Measurements, Inc., typeBA-13-062TT-10 metal-f oil 0*-90' rcette

strein gage, and recorded on a Tektronix model 565 oscilloscope. Impact

velocities were calculated frcm the drop height.

For iupacts on clmped plate, the plates were clamped along all

edges Ly a frame of rectangular steel bars (Fig. 7). The entire assemly was

fastened to a large lead -late and rested on a concrete floor.

In the eperiment. performed on simply supported aluuint plates, each plate

we rested on top of a fxame of rectazgular-crose-ection steel bars. ?ot

the composite plat"s, haevar, the clamping device mentioned abova was modi-

Sfied to uimalata a simply supported bondary, Grooves to acn diatO 3.175 mm

S(1/8") rods ware machined In each meo of the clamping device such that,

when the clawping devlce wa assuiled, the specimen plate would be resting

on the raft.

• iariatal reaults of the etrain-.•au amt tests on both cuaped

land ai"ll w-iqorted plates are protmited 1n Append 1 E.1 both tabular and

32
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graphical (E vs. M) form. Also included in Appendix E are some typical strain

vs..time oscilloscope traces. Figures 8 and 9 are typical examples of the i vs.

M curves for the clamped plates and the simply supported plates, respectively.

In each of these figures a dashed line has been fitted by eye through the

experimental points. The maximum percantage difference (variation) between

this line and the experimental data is also shown on each figure. For both

the clamped and the simply supported cases, the largest value of this variation

is 36Z.

Experimental data from specimens having approximately the same value of

the parameter n have been presented on the same design curve except the three

smallest sized plates (Bl,Fl, and Hl), Values of Z for these three plates

are considerably smaller than those for larger plates with the same parameter

n. It is believed that, due to the small size of these plates, the boundary

constraint has more influence, and the deflection mode is different from the other

plates. Perhaps thick-plate, dampingr and shear effects are more pronounced.

Data from these plates, although presented on the s vs. M plot of Figs. 10 and

11, vera not used in constructing the experimental design curve line nor in

calculating the variation.

Also shown in Figs. 8 and 9, and in each design curve in Appendix 1, is

the theoretical (one-degree-of-freedom) design curve. Comparison of this

curve and the mes from txperimental data shows an average discrepancy of about

- 40%. Note that the theoretical curve is alvays conservative (i.e.&, predicts

a higher plate strain) over the range of experimntal results. However, the
slope of the line drawn throu&h the experimental data Is in all cases roughly

the same as the slope of the theoretical curve.

34
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As previously diacussed, all impact data can be plotted on a single

curve, e vs. M. This is done for impact data on clamped plates in Fig. 10

and on siply supported plates in Fig. 11. Note that, since is independent

of both the parameter n and the boundary conditions, both cases could have been

Splotted on a single figure. Because of the overlapping of experimntal data,

the clamped and simply supported cases, were presaenteA separately for clarity,

3 Imact--aure e.iments

In addition to the strain M•a3urement impact experiments, a sarL'A of

tests were conducted in which laminated composite plates were impacted to

failure. In each of these teste, a plate was repeatedly impacted by the

sawe projectile using a drop-weight apparatus at gradually Increasing veloci-

etie (drop heights) until failure of the specimen was detected.. The speciptn

was exu ued for failure after each Impact both visually and ultrasonically,

using a hand held pulse-echo transducer and reflectoacopa.

The aveote& between the highest impact velocity, vd, for thich a particular

specitmn did not fail, and the lowest velocity, Vf# for which any falurte was

detected, is regarded as the critical or failure velocity, v or
" vd + vf

T.is 'velocity is used in characteriztin the impact resistante of each spaecime.

The results of these experiments are presented In both graphical and

tabular form in Appendix's. •?iure 12 is a typical exaple of the .vs

curves for the clamped plate. Again, a dashed line hUs been drwm to Indicate

the design curve based only on experimatal reaults. As can be svem, tbhe

Is good. agr t between the experiLmetal date. and the thweoriticLW -

deges-Of-fteae Cumc .

Again, a desIgn curm. indepndent of tbe .. pwarstw n&M th. boueday
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conditions (r vs. H) way be used to present wpact data. However, from

1q. (34)l It is apparent that only those plates with the same value of c£

should be presented on this curve. For the composite plates, therefore, a

vvs. K curve should be prepared for each different lay-up. Figure 13 is

such a plot for the expeirients performid on B-series plates.

After tang. wan datactad, seve••l plates ware ultraoenically C-scanned.

Transducer output was passed through an analog to digital o3nverter. Data

was than processd by Poarl? trwvo.rom tw.bnausu• usin the first five wav-

form. Typical transducer response is shown in Fig. 14 for an undamaged

area of a plate. The top-suvface and bottoa-surface echoes are clear ly visible

iath little evidence of intermal reflection. Figures 13 and 16 show trans-

ducer response over daaged ares of two different specimens. Figure 15

shows a danged region enoding from about one-quarter of the plate thick-

ness below the surface to the uidplane of the plate. This type of denSe

has ban observed by use of the hand-held transducer in approziataly 75Z of

the failure taste. It is believed that this mode of failure Is delamination.

Visge 16 Is representative of the reaming 251 of the failure tests. As

can be sen, there Is little Indication of. damge through the thickness of

the plate. This, long with the absence of a bottow-urface echo Indicates

"that the. plate has probably bee dta ed neat the top surface'. It i. believed

that this moe of failure results from fiber breakage, due to bandInS and/or

contact effects.

D. PeelsCaves to her Faiure Ome to ISact

A sitnast subjected to iqat may also fail due to the bgh level of

sher stress pvduced. Is this sectIon a theory based an the one-degree-of-

freedom 2 Wodl .1a dMvoped for proectin the xisM topect-nduced

rin ess se.er stream I siuly sMorted b en ea plates.
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1. Simply Supported Beam

By extending the one-degree-of-freedom, energy-conserved model previously

discussed, a design curve for predicting the peak shear strese in a simply

supported beam vubjected to transverse impact may be generated.

First, the maxim•m shear stress in the beam is related to the maximum

deflection by the static beam equation. The deflection of a simply supported

beam subjected to a static load at midepan is

V(x) - v, a(k L/2 (54)
lL(~L)

where , is the deflection at midapan. The shear force generated is

i: dx3

-24 11- v (55)

For a beau of rectangular cross-section, the manxinu shear stress occurs at

the neuttal axis and is given by

WAX 2A

36, (56)

AL 3  luxB

The wsximm deflection m y be related to the impact velocity by

the CouSSrvtIoQ-Of-.nergy condition, vhiioh Implies that the initial ki~netic

energy of the a pactor is W.tirely couverted into bending-straIn enargy in
-•'•" •!the been. ,

#Av (37)

46



NADC-78259-60

By defining the dimensionless (generalized) shear stress as

vEX (58)

and combining Eqs. (56) and (57), we obtain the equation for the sher-stress

design curve.

3 (59)

This equation is plotted in • vs. H coordinates in Fig. 17.

a. Relative Importance of Shear and Bending

Depending on geometry, strength, and elastic properties, a particular

beam subjected to low-velocity impact may experience failure initiated by

bending or shear effects. The theories presented here for predicting bending

strain and shear stress due to impact are both based on the static beae

If .deflection curve. Therefore, the relative importance of bending and shear

effects my be estimated by considering the static relations between shear

and beanding.

If a maxima-stress failure criterion is adopted for both shear and

bending, then failure due to shear will be sore likely if, for any impact

velocity v, vs have

A ± (60)

f fa

where the subscript f denotes values at failure. By combining this relation

iitb Bqs. (12), (13, (59). and (50), we obtain

a

L Yf

Uased an the approximate theory presented here. this In*quality mout be

"satisfied for impact failure to initiate by shear effects; if -it is not

satisfted* failure viLi Iitiate by banding.

44,
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b. Critical Impact Velogity Curve

The relative importance of shear and bending effects in initiating

failure of a particular beam may be illustrated by presenting .the design

curve in a form similar to that presented in Section II for plate impacts.

In this alternate form, theoretical design curves and experimental data are

plotted in coordinates of a dimensionless impact velocity v or v and the mass

ratio M. Then, each critical velocity curve divides the plane into two regions:

above the critical bending curve is the region bending failure occurs, and

below is the no-bending-failure region. The same is true for the critical

shear curve.

Specifically. if the dimensionless impact velocity for the beau is defined

-Vh

2 (62)
a

then the one-degree-of-freedou energy-conserved impact model, predicts that

failure will initiate in the beam due to bending for

2c f (623)

where cf Is the tensile failure stain, assuming a maximum-etrain failure

criterion.

Similarly, according to the theory discussed above for estimating; the

shear stroes due to impact& Eq. (59).* failure due to shear occurs for

S T4L (4

where rf is the shear stress at failures assuming a maimisn-ses failur

criterion In shear.

49
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Equations (63) and (64), plotted in ; vs. X coordinates, represent the two

critical velocity design curves. The relative importance of shear sad banding

regarding failure of a particular structure is imediately apparent from such

a plot - the lover curve predicts failure at a smaller impact velocity, indi-

cating that the failure mode (shear or bending) associated with the lover

curve is the critical one.

Consider, for example, the impact failure tests on 22 graphite-epoxy beam.

These beaus were fabricated from Hercules AS3501 at a lay-up of ( 45/02/: 4S]2*

All beam have a span to thickness ratio (L/h) of 48.53. Data from all the

impact tests (with or without failure) performed on these beam specimens are

tabulated in Appendix E and plotted in v vs. N coordinates in Fig. 18. Also

included in this figure are curves representing Eqs. (63) and (64). The value

of the bending failure strain Cf used is 0,0168; the value of the shear failure

stress Tf used is the value of the interlasinar shear strength given by thefI
material manufacturer (Hercules Product Data Sheet No. 832) as 18.900 psi
(130. 2Im).

Note that the lower curve in Fig. 18, which represents Eq. (63), approxl-

vately divides the experimental te according to whether the points correspond

to failure or no-failure tetsta. so, the curve corresponding to shear failure

falls umh higher-on this plot than the curve for bending failure; this indicates

that for these beaus the bending is the node in which failure initiates.

2. Slully Supported Plae

A design curve for estimating the peak ttrnsverse shear stress at the

edge of a simply supported, rectangular, orthotropic plate subjected to central

lateral imat may also be developed.

It wast be recognized that the edge shear Is onily a rough estimate of

the Oaiu"M shear stress occurring In the plateo much hiher stresses way be

Sm-rated in the iadiate vcInity of the Impact point. Roeveor, aalysis*- 50
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of the problem by plate theory alone -(as is done here) leads to a singularity

in the shear at this point, due to treatment of the impact load as a concen-

trated force. A more sophisticated analysis would focus-on. the three-dimen-

sional stress field near the impact location. Still , for design put'poees,

knowledge of the edge shear can sometimes be useful. If, for a particular

impact situation, it exceeds the allowable shear stress, failure will certainly

occur; on the other hand, a low edge shear stress does not, of course,

guarantee survival of the structure.

As in the previous case of the beam, the maximum- edge shear stress in

the plate is first related to the maximum central deflection by assuming that

the static relations hold. In teruw of generalized plate forces, the maximum

values of the transverse shear stress components are

xz 2h

T " (65)
yz 2h

for a homogeneous plate. For a specially orthotropic plate, the generalized

forces are related to the deflection distribution by

2  2
L n- + ii

"a D • "(6 6 )

I;.H Dhe + 2Dre

It is again aaeuaed that the dynamic deflection due to impact is the

sawe as the static deflection due to a central point load. tu this case, the

*axis=a edge shear force occuts at the middle of the edge. If it is also assumed

that li i$1  , than
..... 52
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S3i3D f5  (.i )

" v (68)

SwVhere

T - - mV I)
1UZ

01 (). 3  (- (69)
i.M l",b f 1( 5 )M2 +2

3l,,5 .s3,5 I +n

and where f1 (vn) and n are defined in Eqs. (15) end (16), respectively.

"If we define the d.atooless shaher streas paraeters
2 s h,.;- K= n

13 in

2 bh

'17 1w-T (70)

then Eqs. (67) aud (68) may be cromb"" 1!the conservatiou-on..-eaer

coadition, Eq. (4). to yield the desipn curve s•atim,

a-::;, (71)ain(7)1 ~~ n ~t 9te t f• ndtetst
where 

f6
5

•'.~

S3(~)(73)

Squation (71) is plotted tFig.f 19 for a fe ne1uso of 4. e"d the functim

-3X Is) ptreented in fig. 20.

5)
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III. IMPACTS BY SMALL 1UACTORS

In this section, approximate equations for predicting the peak strain

response of simply supported beams and plates to impacts by small impactors

are derived. The accuracy of these equations is demonstrated by comparison

with experimental results and with the Tioshenko solution.

A. Simply Supported Beam

1. Approximate Analysis

It has been observed in experiments and in calculations of the

Timoshenko solution tbhat for the case of small impactors (mass reaio 14

greater tuan about 2), the interacrion between beam and impactor is a single,

sudden blow of short duration compared to, say, the fundamental period of

vilcation of the beam. Ihis is quite different from the large impactor case

where multiple impactu occur. By assuming that the beam does not appreciably

deflect during the short period of contact and by making a few other approxi-

wations, we may derive a relation whicb is useful in generating design curves.

The ausumption that the beam does not deflect during contact is equiva-

lent to assurd• g that the impactor is muh less vassive thau the bean, which

may thus be teated a* t esei-infinite body, An approximte solution for the

contact forct duriug tht cluatir tupect of m spherical lupactor against a

flat ,,eak-Wianite body has bteft~ua~e by Hun~ter (9) as

F *Pin Ct 0 <t < IE 74

(75)
P '0G68 v~ (72

"v 
0,

t - 0.9768 (76)
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The response of a simply supported beam to a centrally applied trans-

verse dynamic load of the geueral form of Eq. (74) is derived in Appendix P.

The maximum deflection and bending strain occur at midspan at a time about

one-quarter of the fundamental period after impact. The peak strain way be

expressed as

Ea- - f(a) (77)
Smax El

where

2cf(B) - Cos - (78)
2 wi, ,5a2 14 28

and

8 . ."(79)

1 xfwdamentj. period of beam
2 contact force duration

Sustitution of the approximate value of t given iu Eq. (i6) into

Eq. (79# yields 6a approximate value for 8.

B 9 - (0,09897 (80)

2

This quantity y,.be expressed in terow of the dixensiooleas pevametere

previously derived as

6 - (0.1564) ' (a).

t: •where M and ' are defined in Eqs. (3) and (53). respectively.

51
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By substituting for P and a into Eq. (77) according to Eqs. (75) and

(76), and recalling the definition of generalized strain, Eq. (12)

we obtain

C -1.068r f(f ) (82)

This result may itself be used to generate a series of design curves by

plotting i vs. M for different values of 8 , however, this equation may be

further simplified as demonstrated below.

Note that Eq. (82) shows a strong dependence of the generalized strain

Son both the mass ratio M and the parameter 0 . Also, observe that for a

constant value of a , c is invercely proportional to M, rather than

as for the case of large impactors. This suggests that for small impactors

the peak strain is related to the momentum of the impactor, rather than to

its kinetic energy as for large impactors. That is, large-M cases are governed

by the impulse exerted by the impactor, whereas small-M cases are character-

ized by the work done on the beam.

The influence of the value of tCi parameter a on the generalized

strain Z can be estimated by taking the limit of Eq. (82) as 8 becomes large.

In Table V, calculated values of f($ )are presented (see Appendix D).

Examination of this table reveals that, as 0 increases, the quantity /0 f(o)

approaches the value 0.12412. Observe alao that, for 0 > 7, AS f(O) never

differs from this value by more than 2%. Since most practirAl problt.o satisfy

the conditiem 0 > 7, we can assume with littlc, inaccuracy that

f 0.1241

58
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TABLE V

SCO', VTER-CAU CUL, 'FD VIh,,,.s OF f (a)

f (0) ro f (0)
3.o 0. 064 6 6 0.112007.0 0.04590 0.12145

10.0 O. 1390 0.12342
15.0 0.031O10 0.12356
20.0 0.0270 0.12432
30.0 0.02261 0.12402
500 0.02755 0.12406
80.0 0.01388 0.12414

100.0 0. 0., 3 0.12413
150.0 0. 132 0,12412
200.0 0.008177 0. 12

00..00 1 0 0.124 ,ii 
500,0 O 0.551

w..9

i:.- I
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Substitutiun into Eq. (82) yields

1. 308 (83)
M

or, defining a new generalized strain for the small impactor case as

-* (84)

we then have

- 1.308 (85)
M

This simplified equation may be used as a design curve for the case of small

impactors by plotting &* vs. M. In Fig. 21, such a curve is compared with

the experimental data recorded in Appendix E. In general the experimentally

determined values of c* are roughly 60Z lower than those predicted by Eq. (85).

Note, however, that the band of experimer.tal points on this graph form a

relatively narrow band; for any value of M, the variation in c* is at most

- 25% (at about M - 6) and much less for the higher range of H (greater than

about 10). This variation in c* is much smaller than the variation in

alone, for the same data. Also, the slope of this band is very close to

that of the curve corresponding to Eq. (85). This suggests that the locus

of the experimental data plotted in these particular coordinates may itself

be useful as a design curve. We may conclude that Eq. (85), while not accurate,

is significant in that it serves to identify the form of the relationship among

the sev*ral parameters governing beam response to impacts by small masses.

2. T•imoushenko Solution

Also Included in Fig. 21 are several points corresponding to calcula-

tions using the Timoshenko solution, data from these calculations are eummar-

Lzed in Table VI. Note that these points form a very narrow band, the

60
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TABLE VI

CALCULATIONS USING TIMOSHENVO

SOLUTION FOR LARGE 'HASS RATIO M

Mass Impact Contact Gencralized -
•" Beam Mass,

Dimensions, Ratio, Velocity, Stiffness, Strain, -

and Material ¢,3/2- a2

Mm/m 2 c) k2 (N/m ) ca /hv

0 kg 27.7 8.72 2.466x00 0.1807 0.04050 . 389 kg ...... .. ___

27.0 6.37 2.415xl00 0.1782 ' 0.04]6S197 x 16 x 16 =ma

13.17 0.1894 0.0412
" ~~steel t

steel 13.84 8.72 0.2835 0.0734

12.19 " 0.2909 0,0728

8.72 1.233xlIO 0.2557 0.0757

17.43 2.466%10] 0.2999 0.0720
8 72 1 746F, 10 0.2696 - 0 .07,

_1_.16:i 0.4124 0.1287

8.53 0 O.'4240 10 1266

3. 51s 6,28 " _. 57?7 .213

920 0.5865 0.19864

" 0.389 L, stee 13.84 8.72 2.466,,10I0 0.2502 0.0322

394 x 8 x 16 n."_1

0.369 kg, steul 27.7 8.72 0.2703 ).0361

394 x 16 x 16 tnv i6.92 8.7" 0.3171 0.1559

i0.369 k stee 13.84 8.72 0.2163 0.o78o
);: 197 8 32 ,,,

0.J943 ,, 6tee. 6.92 8.72 0.462- 0.1192
197 x 8 x 16 rM
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0.5

0.01

0.x1

0.01

T3'imosheuko solutio~l

0.001 _ _ _ _ _ _ _ __ __. -_ _ _ __ _ _ _ _ _ _ __ _ _ _ _ _ _ _

1510 100 300

"Asas Rt~tiol,

11C.Orc 21. Cftera]izsd strain e' vs moo ratio M for tw~pets
Of 6IW2,y 6uPVOrted beau by small Ispactor.
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variation being less than + 5Z; again, the variation in e* for the same

data is much larger. In addition, the band of points is Mich closer to the

curve corresponding to Eq. (85) than are the experimental points; these points

lie only 15 to 45% below the curve and appear to approach the curve as H

increases. The closeness of these results implies that the lack of agree-

ment between Eq. (85) and the experimental data is not only due to the approx-

imations used in deriving the equation. Apparently, there are additional

effects which significantly influence beam response to impacts by small masses

which are not accounted for even in the powerful Timoshenko solution. Several

researchers have modified the basic solution to include some of these effects ,

but these more involved models are too cubersome for the developmut of an

impact design curve, since for each effect considered, another parameter (or

possibly several) must be introduced. Such complications are surely justified

when one is analyzing a specific impact problem, but are of little assistance

when one is designing a structure to resist potential impacts due to a range

of =ses, velocities, materials, etc.

B. Siap!)L Supported Plate

In this section is developed a design curve for predicting the response

of a simply supported plate to Umact by a small am using the sam approach

as applied above to a beau,

• 1. Agppoximata--An!W to

As In the case of the beaum, va assum that the plate does not appreciably

deflect during the short period whan the Impactor is actually in contact with

the plate. Again, this assumption is equivalent to suppouing that the impactor

is much less Musive than the plate. Thus, the contact force is toughly given

by the approuisite solution for a sphere elstically striking a flat sel-

Infinite bodye, qs. (74), (75), and (76).
63
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The dynamic response of a simply supported plate to a central transverse

load F(t) is given by [ 6]

" (=-2)/2 i 'in a
alm sn b

tf F(T) sin u(t-r)dT (86)

For a thin specially orthotropic plate, the natural frequencies are given

by [10]

2w~ 22 U~" '" Dll + 2(D 12+2D6 6 ) -1 + D2 2 - (87)

If we again assume that

.)12 + 2166 = •(43)

then we have

V in vehich

-1.-I • (l+n) (88)
11 2 (88)

Substitution of the assumed foru of the contact force, Eq. (74). into

Eq. (86) and integration yields
•: i w4u-2

Mw..• n *2 +.,u2 a

2.•,� -- sin %,(t+wlO cO' (o w89)

In the correaspondlx fomula for the beano all term. in the series reach

their amino values at eoctI•y the sane tim. due to a eia le relatiousbip

which eait• awog the natural frequencies (&e 4ppeudix D, Eq.. (Dl)).
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In the present case of the plate, the terms in Eq. (89) do not, in general,

reach their peak values simultaneously; however, we can estimate an upper

bound for the deflection (and also the bending strain) by letting

Ssin W m (t + it/•; 1 (90)

for all m and n.

The maximum strain in the x-direction due to bending occurs at the

center of the plate,

ex h a 2i (91)

Sab 2

so that the upper bound on the strain is given by

"4-ha 12 8p.
C- 'Wx IAm -2 cos (92)7211a A 2 2 28

S11 (p ma

where
Op (93)

and

A (94)

Substitution of the approximate value of • given in Eq. (76) iuto

Eq. (93) yields an approximate value for p given by
p: 1/5

Op 0.09897 D -,. (95)

This quantity may be expressed in term of divenalonleas parameters previously

derived

1/5
K2

8 ~0. 1564 96•. lp O.4)6 (96)

pT

f 65
~I.
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Now, if we substitute for P in Eq. (92) according to Eq. (75), we

obtain

-. 4(l.o68)hv]

SM 2 WB A
" "A 2 -. •2 Tos2p

M n n p p n

Finally, if we define the generalized strain for impact of a simply supported

plate by a small mass as

* 791xjD1 /ph
Lx 4(1.068)hv B p(8,n) (98)

where
2 B irAI

8(8 p•m 2-A- I I 2 C iaW (99)

pA p p

then the equation for the design curve according to this approximate solution

is

5 -1/i (100)

Note that the function g(O pn), plotted in Fig. 22, is practically
p

Independent of the value of p, at least for realistic values of (0(8 > 7).
pp

In Fig. 22a, S(O pn) is plotted over n for two widely different values of
p

8 ,7 and 500; the two curves are almost the same. In Fig. 22b, the maximum

and uininuu values of g(O pn) for 8 in the range 7 _ Bp 500 are plottedp pf for each value of q; again, the No curves are quite close, indicating that

gaa)does not very such with
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2. Cotaparison with F:perimental Results

In Fig. 23, the design curve for impact of plates by small masses is

presented along with the results from experiments performed at Drexel. Two

graphite-epoxy plates which were also used in the large Impactor experiments,

F1 and F2, were impacted by aluminum projectiles. These experiments were

performed using an air Sun with the projectile velocity recorded by a photo-

diode system. Data from theae experiments are tabulated in Appendix B. As

can be seen in Fig. 23, the agre.ment between the theoretical design curve and

the design curve based on experimental results is of the same order as in the

large impactor case; that is, the experimental curve is about 40% below the

theoretical curve and has approximately the same slope.

A Also tabulated in Appendix E are experimental data found in SchvioSer

-:[11].- These experiments were paerformed on a square Duxaluminum (AlCWSgl) '

plate. 550 x 550 x 4.97 m~, centrally impacted by stme-I sphere:% of ZO- aud

30- = radius. These data, vhan plotted tl E* vs. N coo dAtes, do not coi"a:a

* well vith either the Drexel experiments or the'theory. One p laneton of this

discrepancy !ies in the site of the plate tested by Schuieger. Iu tho Drexel

ixperisents. tha ratio of the plate span to thickness (1./h) has a value -, 18

whareeas in the izxparimants performed by Schiegar, thio ratio has a value of 11.

Thus, actordlng to Zener [121, the responsa of the plate used by Sc, wioger 1s

governed by veubrane and wave propagation effects. Since these effects are

not treated by me curteza theory, the dat3 firom Schwieger are uot incleded

on the 4eslz:- cu•v

A6,

S69
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IV. DESIGN PROCEDUWE

In this section, 'procedures are recoutended for usiug the design curves

presented in this report and for constructing new design curves for structures

not treated here based either on analytical calculations or on experimental

data. It is emphasized that these design curves are limited to predicting

only the aximum str.tural respoase to low-velocity impact.

A. Use of Desian Curves in This Report

The design curves in this report predict the peak banding istrain in simply

supported and clamped plates impacted by large impactors, and in simply supported

beams and plates impacted by small impactors. Also, in (11, simply supported

beams impacted by large masoes were treated in detail. Methods for the use of

each of these design curves will be discussed separately here.

•.•. 1. SipySported j.m

"Desiga urves for simply aupport&A bvviea impacted by large impactors and

by small impactors are repeated here for onyve nce (Fige, 24 a4d 25, repec-

tively). In each case, we have selected a devigu Purve fit by eye to the

experimental raulte as the one we ill use.

The first step in using thetse curve. ts t* vo)ute the mass ratio

H - (101)
W2 iq#"tor mass

If H is leas than 2, the ispact case fals into the domain of Large

impactors, it H ia$ a~U Cir

a. LSWJE..agltoara

From Fi$. 24, read the value of the generalized strain c corre-

spodlng to the value of H. Then, using this value c, compute the aximis

i°ct strain,

10
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0.5

0.1

H OSL D.- DESIGN

0.001.1 is.l 100. 300o.

KMISS lIO, m

Figure 25. Selected design curve for Impacts of simply supported
beams by small impactors.
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C -hv (102)

max kc

where h - beam depth

k - radius of gyration of beam
cross-section

V w impact velocity

c - AT- speed of flexural waves
in the beam

The use of this curve will be illustrated by an example.

Example #1

For a simply supported steel (density, 7.9 g/cm 3) beam of rectangular

cross-section with dimensions L x h x b - 500x25420 mm impacted at 10 M/s

by a mass of 4.0 kg, we have

M pL bh Q (7900)(.50)(0.025)(0.020)

2 m 4.0

= 0.494

From Fig. 24, the value of • corresponding to M - 0.494 is £ - 1.20. Then,

by Eq. (102), we have

• • , ,•, (0.025)(10)
C V -(1.20) 9 112
SXo0.025 210oc1 9o

Ai " 7900 J

- 0.0081

"b. Small Impactors

P•rom Fig. 25, read the value of the generalized strain * corres-

ponding to the value of N. Then compute the maxiwim of Ipact strain,

C (103)
Tk: =" • 2 1/5

_where 8 - (0.09897)

sad 2 -Hertzian contact stiffness.
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Example #2

Consider the beam of Example #1 impacted by a steel sphere of radius

20 am at 20 l/s. Then, by Eq. (101), we have

"1M (7900) (0.50) (0.025) (0.020)
X2 4 (0.020)3 (7900)

- 7.46

From Fig. 25, the value of e* corresponding to M - 7.46 is c* - 0.060. The

Hertzian contact stiffness ia

4 2 1- V 2]-

2L.- 210x3w 10
= 2.176101 0 Ncm3/2

. so that

0 0099)0*0220(2.176xi010 21 1/5

S•o~so2 o .15

:i•-(00997 210,,1o 9  0.025 L 0265j
1-7900

*= 28.1

sTherefore, the waxiu bending etrain is

C * (0.060) ii9-' .

•2104 o0 9 (0.025)

fL 7-900 7'

(0.060)427 .(.05(0

MAXA
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2. Simply Suoported and Clamped Plates

The procedures for using the design curves for rectangular plates is

similar to those outlined above for the beam. For convenience, we have re-

peated here the design curves for simply supported and clamped plates impacted

by large impactors (Figs. 26 and 27)s and for simply supported plates impacted

by small impactors (Fig. 28). The first step in using any of these curves is

to compute the mass ratio M according to Eq. (101) and the aspect-orthotropy

ratio,

(a 2
7wn(= ) (104)

2 where a and b are the plate dimensions in the x and y directions. For the

plates treated here, impact cases in which M < 4 fall into the domain of

large impactors, while cases where H > 4 are in the domain of small impactors.

The use of the design curves in each of these domains will be discussed

separately here.

a. Large Impactors

The procedures for the clamped and simply supported plates are the

sae but different curves are employed. For simply supported plates$ read

10~) from the lover curve of Fig. 4 and 7 corresponding to the value of X

from Fig. 26; for clamped plates, read g2 (n) from the upper curve of Fig. 4

and " from Fig. 27. Then, the maximum strain may be computed from the foiaula

EC 'ma g v) (105)

where v impact velocity

h - plate thickness

p - plat* density

D U - plate flexural rigidity

.. • 75
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Figure 28. Selected Design curve for Impact
of Silply Supported Rectangular
Plate Uy a Small Impactor.
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This procedure will be illustrated by an e-asle.

Mxale #3

For a rectangular simply supported plate with the following properties

D - 680. N-z h - 7

D22- 2490. -m- p - 1.7 glcu

a - 170 m E - 8.96 Gpa

b - 350m v- 0.3

impacted by a projectile with the following properties

R- 25 m v- 0.33

n2 - 1.42 kg v- 3.0 /s

E - 2.1.L02 Gpa

we first compute the values of the mass ratio and aspect-orthotropy ratio

M - 0.5 n-0.451

tF From Fig. 4, we find 81(0.451) - 0.26, and from Fig. 26, Z- 0.91 corresponds

to M - 0.5. The ma•i•um strain in the x-direction is
~~3,0 0)(.00o7)

CR,,- (0.26)(0.91) 3 02

- 6.57 x 1074

b. Small I-Sctgors

The design curve for impact of plates by small impactors can handle

only simply supported boumdary conditions. To us* the design curve, read the

value of generalized strain e from Pig. 28, end the value of S(Opvp) fros

Fig. 22. (Note that g(Bpvq) does not depend significantly on 0. for 0p > 7).
p P p

Then, the maxism strain my be computed frost the foruiA&

"" - * 4(1.068) g(,O SO (106),5ma x nOP p
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where 2 ý 15
- 0.09897 a hep2

2/

This procedure is illustrated by an example.

Exmaple #4
Consider the same impact situation as in Example #3 but change the

impactor mass to m2 - 0.035 kg. Now we have M-20, a small impactor case.

From Fig. 28, we read c - 0.025; and from Fig. 22, g(D ,0.451) 0.35.x p
Computing 8p, we get

8-(0.098971) (0.170) (ý1700), (0.007)
p 1+0.451 680

Q3.0) (2.QO8xl X )0
L (0.035) -

r 6.54

Therefore, the maximum strain is

Sx~ms - 4(0.025)(1.068)(0.35)(6.54) (0.007213.02

-6.79 x 10-

B. Construction of New Desgn Curves by .xperiment.

For beans and plates with boundary condiltiona different from those con-

sidered in this report, desigu curves way also be constructed based on impactf experiments. For these structures, the parameters governing the impact re-

&spone have the same form, but the relationships (and thus the design curves)
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are different. For still other structures (e.g., shells, rods), new param-

eters may have to be defined.

1. Impact St.ain Curves

To construct new design curves for large impactors, one may perform a

series of impact experiments and measure the maximum bending strain which

occurs in the structure during each impact. Then, compute the value of the

generalized strain according to the appropriate formula:

cb k
E r for beams

c k
. i m.a - for plates

Plot one point for each impact in e vs. M coordinates, Logarithmic scales

are most convenient. Finally, estimate a curve to fit these points. This

design curve may then be used to predict the response of similar structures

having different dimewious subject to various impact conditious, as described

in Szection A above.

2. Critical Impact Velocity Curves

In simple impact-to-failure experiments when the strain is not simul-

taneously measured, all that is determined Is the lowest impact velocity (or

critical velocity) at which the structure failA. However. this is sufficient

to construct a design curve useful in predicting failures due to other impact

situations.

t• For each exporimat, the dimensionless critical velocity v, defiaed

for plates in Eq. (33) and for beamu a4 Eq, (62), is plotted vs. the *As&

ratio M. Then these points may be connected to form the design curve.

- "81
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Note that for different impact conditions, different mechanisms (bending,

shear, torsion, etc.) may be responsible for failure; consequently, several

design curves may be required, especially to completely describe a series of

widely varying impact experiments.

Finally, note that since the contact effects depend on the impact velocity,

through a non-linear relation, this approach is not useful in the small im-

pactor domain.

C. Construction of New Design Curves by Analytical Tools

Using analytical methods, design curves for some structures which are

not treated in this report may be constructed. We can cffer a few suggestions

on approaches to follow in order to construct such curves.

1. Design Curves Based on Generalized One-Degree-of-Freedom Model

For impacts of other structures in the large-ipactor regime, the gener-

alized one-degree-of-freedow wodel presented in Section II my be applied.

"To follo ithis appro4ch, the equivalent structural stiffness 1 and the strain-

displacement factor d1 2 wust be found; these may be either derived from the

exact solution of the corresponding static problem or couputed numerically

using some approximate solution (such as the finite-differance or finite-

element methods). Then the equation of the design curve may be derived

directly from Sq. (8). For beatm. the farm of thbc-generalized strain will be

I -"the "aes aa in Eq. (12); for plates, the generalized strain defined in Eq. (21)

can be employed. For other structures. a new form may have to be defined.
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2. Destiu Curves Based on Impact Calculations

Several dynamic solution methods are available for determinizg impact

response of structures on a probltm-by-problem basis. These include the

finite-element method (in particular, NASTRAN; see Ref. (1]), Timoshenko-

type solution methods (application of this approach to several beau and plate

structures is outlined in (5]), and possibliy some approximate solutions based

on the Timoshenko method (similar to those presented in this report for small

impactors). Design curves vay be constructed by plotting the result. of a

few calculations using one of these methods in coordinates of the appropriate

generalized strain (i for laige impactors, c* for small impactors) vs. the

mass ratio N o'•er the range of M of interest. These plotted points way then

be connected to form the design curve.

183
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V. SUMMARY

In this report, a method for generating a design curve which predicts

the peak response of a structure subjected to low-velocity impact has been

presented. Only a few experiments or analytical calculations are required

to construct such a curve for a given type of structure. The importance of

* such a curve is that all impact cases, involving various impact velocities,

* structural dimensions, and material properties, fall on the same curve within

a variation tolerable to the designer.

To facilitate our study, we have divided all impacts into two egimes.

large and small impactors. each of vhich exhibits different kinegmatic behavior.

Specifically, massive impactors have been observed to produce mult4plt impacts,

tthe peak response of the structure depending on the initial kinetic energy of

the impactor; in contrast, small impactors strike the structure only once,

the maximum response being governed chiefly by the impactor's Initial moyaen-

tum and by contact effects at the impact point. These differences in impact-:

response are accounted for in the distinct forms of thi, design curses for each

domain.

Design curves have been developed here for predicting the impact response

of simply supported beams and simply supported and clamped-edge anisvopic

plates. Theae curves have been constructed using both results of analytical

solutions and data from impact experiments. Inaddition. detailed procedures

have been described for using the design curves presented in this report, as

well as for generating new curves for structures not treated here.

84
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APPENDIX A

STATIC SOLUTION OF A

SIMPLY SUPPORTED ORTHOTROPIC PLATE

.In Lhis appendix, we will prese.t th, details of the de-

rivation of the constants K, and d1 2 for the central transverse

impact of a simply suppurted orthotropic plate, As explained in

the main text, these constants are needed for developitig che design

curve.

The static deflection of such a pla'e due to an arbitrary

load distributiou p (x,y) is, according to Timoshenko and Woinowsky-

Krieger '13]

a 4 41

where

! a~~,, ,,o

For a centrally applied poiat load P,
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The maximum deflection occuring at the center of the plate is,

W. " 14 ýj •

where

~~ 21

Ne will assume that

(A2)

so that

f . (A 3)

where

V "•'•(A4)

"hlerefore, recalling that

K, P/w 1

we have

(A 5)

where-!! ThZ22-¢.
(A6)
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The tensile strain in the x-direction due to bending is

-- •-

Exx

which will have its maximum value at

(x,y,z) - (a/2, b/2, h12)

We will derive the relationship between the strain at this point C 2

and the maximum deflection.

=- I

(A7)

where

Substituting for P, we obtain

211<2
!7i( V(AB)

so that

The approximation assumption used above, eq. (A2), has been

j suggested by Timoshenko and Woinowsky-Krieger £133 for simplifying

the mathematics of several plate-bending problems and is exact for the
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case of an isotropic plate. The advantage of this assumption is to

reduce the parameters for describing the geometry and anisotropy of

the plate to a single quantity, n . For the composite plate on which

the impact experiments were performed, the computed values are

H•- D12 + 2 D66 = 1484.6 N-m

vI~D - 1 1301.2 N-m

a difference of 14%.
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APPENDIX B

STATIC DEFLECTION OF A CLMPED RECTANGULAR

ORTIIOTROPIC PLATE DUE TO A CENTRAL POINT LOAD

In constructing an impact design curve for a particular

structure according to the generalized one-degree-of-freedom model

presented in the main text, it is necessary to know the relation-

ships between load, deflection, and strain in the parallel static

problem for the structure of interest. However, in the case of a

clamped rectangular orchotropic plate, a review of recent literature

indicates that an exact solution for the static deflection due to

s a centrally applied concentrated load does not exist. In fact, the

most advanced related solutions found in the literatur'! include a

single-term Ritz sclution cf the case with tniform load (see

Lekhitskii ['103 or Ashton and M1ittey (143 ) and an exact so-

lution of the simply supported case witi. r *r :"Ad (see Ambartgumyan

or Advanced Composites Design Guide [6

Therefore, in this appendix, the deflection and bending

strain of a centrally loaded clamped-edge reatangular orthotropic

plate are derived from the solution for a similarly loaded and

supported isotropic plate due to Young [173 This to accomplished

by reducing. the governinti equations for both problems to the same
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dimensionless form by making a simplifying assumption suggested by

Tkmoshenko and Woinowsky-Krieger (133 , and then transforming the

isotropic solution into terms of the dimensionless variables corres-

ponding to the orthotropic case.

Young's Solution

In Young's solution for the static deflection of a clamped

isotropic plate, the solution for a simply supported plate with a

central concentrated load is combined with that for a simply supported

plate with distributed bending moments along the edges. The edge

moments are then chosen so that the deflection slope vanishes at the

boundaries. The superimposed solution consists of three parts,

w-w +w2 + w3 cal)

where the first term is the solution for a simply supported rectan-

gular plate.

(02)

V. where

The other two terms are the deflectionu of a simply supported plate

with moments applied along the pairs of -dges y - + b/2 and x - + a/2,

respectively.
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2 2?r2V
!• 7F•ffsiA#2/7 - 0Cm 6 na (_fa. ±Z,•rr

'• •!.../ 1 A a ]m lS

: (B 3)

and

Z r & (B4)

The edge mowents corresponding to w2 and w3 are

A MA

"i"t which the coot ficients Am and B, are determined from the condition

Ri that the slope at th~e boundaries i's tero. Young has computed ap~proxi-

: !rate values of the first few of these coefficients for several values

S~of the aspect ratio (bla),
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Modified Young's Solution

In using the solution for. static deflection to construct a

design curve for impact response, we are interested in the relation-

ship between strain and deflection. In Young's solution as described

above, differentiation of the term wl (twice) to obtain an expression

for bending strain leads to an infinite series which is divergent.

To avoid this difficulty, an alternate solution, Navier's solution,

which yields a bounded value of bending strain, is substitu.ed for wl.

Thus, we instead let

Trannformation to Orthotropic Plate

The governing differential equation for the deflection w of

an isotropic plate subjected to a lateral distributed load q(x,y) is

Letting x x/a, y - y/b, and v - w/a, this equation may be expressed

*8

94B9)

9!4



NADC-78259-60

Likewise, the governing equation for an orthotropic plate

may be expressed In terms of the same dimensionless variables as

2 _W W

vhere

(012)

and vhere it is assumed that I1 - xDy

Note the similarity between eqs. (W)) and (311). The so-

luttou of Eq. (B9) is of the form

V f( (a/b) , qs /DX. xý.)

(B13)

and the solution of eq. (011) is the same function but involving

different dimensionless parameters,

W f-•( qa3/1)x ý.,•)

(814)

Naow eq. (B13 may be obtainee by simply vritiug the knovu solution,

eqs. (81), (53), (54), and (BI), of the isotropic case in tents of

the dimensionless variables x, at4 v. Then, substitution of r" f orI 95
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(a/b)2 and of qa3/D for qa 3 /D yields eq. (314), which is the solution

of eq. (Ill). Finally, by returning eq. (R14) so obtained to dimen-

sional variables x, y, and w, we obtain the solution of the orthotrcpic

equation. (BlO).

The terms to the right of the equals signs in eqs. (B9) and

(811) represent dimensionless forcing functions for an arbitrary dis-

tributed load q(x,y), and have the form q - qa3/D. In the case of a

uniformly distributed load. q(x,y) - qo, we would have q qoa 3 /D, or,

in tarms of total load P - qoab, q - Pa 2 /bD. This suggests that in

the case of a concentrated load P the dimensionless forcing function is

also q - Pa 2 /bD for the isotropic case, or -q Pa for the ortho-

tropic case. Therefore, in obtaining eq. (M4) from eq. (B13). Pa2/bDIo substituted for Pa 2 /bD.

For example, equation (87) may be written in terws of dimon-

tionless variables as

I. : (815)

This represents a portion of the solution to eq. (B13).

Substitute , fo;. (a/b)2 and (Pa2/bOD) for (Pa /bD) to obtain
__-__ 'os mt a'.is r

(816)

"b tuiich represents a protion of eq. (814). Rewriting this cquatiou in
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terms of dimensional variables yields the final solution for the ortho-

tropic case.

(917)

W33

Similarly, from eq•. i(33) and (54), we obtain

By a*sse)liag eqs. (B17), (818) -ud (18191 according to

.. :eq. (61). vv obtain Elie solution for the defl~ction oi a rectatigular

?,.clamped-edge orth6tropic plate subjected to a centrally applied con-

•.' ,cootrated load. The coefficients N• and a, whIch are functions ofl'

•':< "(alb) in the isotropic. case, ere now functions of •

Evaluati%%g the deflection solution at the conter of the

!L. •.plate (k o, y -0), we obtain the muaxtcum deflection of the place

I.: w hich may be expregsed as

6W 
4 J6 

Ox

By aso~bl~ eq. ( 97),(1)a~ ~9~acr gt
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so that

46 Px

(B21)
o wherai

: / (0,, tNA~~
4x ,

(B22)

and where we now have

n??-

- (B23)

The maximum bending strain occurs at the point directly opposite the

3load and may be expressed as

(924)

k where >

J6J
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Combining eqs. (B20) and (B24) we obtain

(926)'

9

4,

A
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APPENDIX C

COMPUTER PROGRAM FOR CALCULATING

TIMOSHENKO SOLUTION OF PLATE IMPACT

This appendix presents a listing of the FORTRAN computer program,

-named SHINC3, for calculating the Timoshenko small-increment solution

of the central transverse impact of a rectangular orthotropic plate,

1q, ('40).

The program as listed is set up to solve an impact problem having

the following parameters:

v - 2.45 m/sec

a x b x h = 171 x 349 x 7.1 m

a, - 0.660 kg

m2 - 0,816 kg

The plate bending etiffnesees, computed according to. the Whitney-

Pagano (1970) anisotropic plate theory, are:

D D w 680.4 N-m

D12 - 473.2 N-a

D2 2 a 2488.8 N-m

D6 6 " 505.7 N-.

D16 - D26 - -49.1 N-m

A44 " A55 a2.687 x 10 7 N/rn

The plate ti treated as specially orthotropic Ja bending and the D16

and D2 terms are neglected.

The program itself calculates the value Of the Hertslan contact

stiffness coastant k2 bsied on supplied values of icotropic elastic

100
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properties of the plate and impactor. The values used are:

}•E 9.8 x 109 N/M2

plate (Gr/Ep)
Lv -0.3

Impactor (steel)•v.- 0 .33

The contact radius of the impactor is 25.4 mm.

- 301
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C SMINC3 - PLATE IMPACT
COMPUTATION OF TIMOSHENKO-TYPE SMALL-INCREMENT SOLUTION OF HERMZAN
C IMPACT OF A SIMPLY SUPPORTED ORTHOTROPIC RECTANGULAR PLATE
C MODIFIED SUN & CHATTOPADHYAY METHOD
C OT -TIME INCREMENT
C, NOT -NO* OF TIME INCREMENTS CALCULATED
C VOL -TOLERANCE OF ERROR IN NONLINEAR SOLUTION
C V - IMPACT VELOCITY
C XAs YB, H - DIMENSIONS OF PLATE IN Xt Yv Z DIRECTIONS
C Ml, M2 - MASS OF PLATE, IMPACTOR
C El., E2 - ELASTIC MODULUS OF PLATE, IMPACTOR
C. PRl, PR? - POISSON'S RATIO OF PLATE, IMPACTOR
C NHM, NHM - NUM4BER OF VIBRATION MODES CONSIDERED
C K2 - HERTZAN CONTACT STIFFNESS
C XNX9 YNY -INITIAL STRESSES IN XtY DIRECTIONS

REAL LMiM2tKZL1XLJ2,L13,L22tL23,L33
DIMENSION F(5000),oGW(5000),GXX(50001,GYY(5000)

C******** PROBLEM DATA ***********************
NHM=2 5
NHN-25
NDT=10O
TOLml.OE-05
DTuI.0E-06
XNXz0.
YNY=0.
D11=680.4
Dl2m473e2
022u248 8.8

A44u2@687E 07
A55044
XNXaO.V VNY=0e
X0uO.171
YfiO. 349I ~Hu0*O071.

PR~wO.33
E1s9*8E 09

P1.3. 14159265398
1001 FORMAT(4X,*N*,,'9TIME',14X,*FDRCE',12Xt*APPROACH',10X,'OEFLECTION

pt,10X*'STRAIN X,10K,*STRAIN Y09L0X94STRAIN XYO)
DE~lwfts1-PRl**21/ElIPI
DEL~sI 1,-PR2**2)lE2/PI
K2.4.*SQRTI R11/(DELL.DEL2)/PI/3*
CAYuPIS*2/12*
A44mA44*CAY
AS~uA55*AY
Bu0T~*2/3s0/N2
Co 4.0M1"10
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PRINTI.001
CALCULATE NATURAL FREQUENCIES OF PLATE

D090K= 1,NDT
GWIK)zO.
GXX(K)0.,

90 GYY(K)0.,
D0247M=1,NHM#Z
TERMA=M*PI /XA
TERMA2=TERMA**2
L 13=A55*TERMA
D0247N1. ,NHNv2
TERMB=N*PI IYB
TERMB2=TERMB**2
Lll=OtI*TERMA2+ 066*TERMBZ4A55
L12=tD12+D66)*TERMA*TERMB
L22-066*TERMA2+ D22*TERMB2+A44
L23=A44*TERMB
L33={A55*XNX)*TERMA2+( A44+YNY)*TERMB2
Q=L 11*L22mL 12**2
DETERM4Q*L33+2.*L12*L23*Ll3-mL22*Lt3**2mLt1*L23**2
AC=( L12*L23-L22*L 13) /Q*TERMA
BC=(L12*L13-LlI*L23) /Q*TERMB
O?4EGA2=DE TERM/Q/P
nM'EGA=SQRT (OMEGA2)
IF( (M.EQ.I).AND.IN.EQ.1) )PRINTIOOoQMEGA

1002 FORMAT( OMEGA*I.1 = OtE15.8)
TERMl=DT*OMEGA
C 2=14, 0
D0247K=1. NDT
Cl=C2
C2=COSIK*TERMI)
AAA ( CL-C2 )/OMEGA2

CONSTRUCT TABLES OF SUMMATION FUNCTIONS
GW(K)=GW(K)tAAA
GXX(K)-GXX(K) 4AAA*AC

247 GYY(KI=GYY(KVIAAA*BC
P=B4-C*GW( 1)

Q=2*/39

DOIOON=1, NOT
CREATE HEADINGS FOR DATA AT TOP OF EVERY PAGE

IP(MODfNt6L).NE*0)GTOT7O
103FORt4AT(1H1)

PRINT1003
70PRINT1O0l
70TwN*flI
A=V*T
IFIN*EQ*I)GOTO14
BUMmo.
NM~nN-I.
SUMISO.
sum~o.
0054slo1,NM .

RuK
SUNIsFWJ-SUMI
SUN=SUNIR*SUMI

5 9UM.BUN4PIJ)*GWEK+1)10
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A=A-C*BUM
A-AmDT**Z*I Z.*SUM-.SUMI /3.) /M2

COMPUTE SOLUTION FOR F(N) USING NEWTONIS ITERATIVE.METHOD
GOT 013

14 FNEW=SQRT(A**3)/K2
13 FN=FNEW

r B=SIGN(i.0,FN)/KZ**Z.3.O*A*P**2
FFN=P**3*FN**3+B*FN**2
1 +3.0*A**2*P*FN"A**3
FPFNz3,0*P**3*FN**2+2.*B**FN.3.0*A**2*P

82 FNEW=FN-FFN/FPFN
ERRORcABSS((FNEW-FN)/FN)
IFI ERROR.GT.TOL)GOTOL3
IFIN*GT*1)GOTOlO

CHECK THAT F11) tS POSITIVE
IFI PNEW.GTo.0.)GOTOIO
FNE)I=-FNEW
GOT013

10 F(N)=FNEW
IF(IFNE W,.t . .)F (N )=0

CALCULATE STRAIN AND DEFLECTION
w=0.,
PSI XXO,.
PSIyy=Oo
D021J=ItN
K=N-J41
W=W+F( J)*GWtK)
PSIXX=PSIXX4F( JI*GXX( K)

21 PSIYruP$IYY.U(J)*GYY(Kt
W W *C
EPSXu-PS Ixx*C*z
E PSYM-PSI YY*C*l
GAMMA. 0.
ALPHA=SIGN( 1.OFNEW)*IA8S(FNEW)/K2)**S
PRINT10OONTF(N) ,ALPHAWtEPSXEPSYGAMKA

100 CONTINUE
STOP

1000 FORMATflXvI4,t73XEl5o8l)
P.ND

104
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APPENDIX D

SIMPLY SUPPORTED BEAM

"CENTRALLY LOADED BY HALF-SINE PULSE

In this appendix are derived expressions for the deflection

and bending strain in a simply supported beam subjected to a half-

sine pulse laterally applied at midspan.

The deflection of a simply supported beam due to an arbitrary

force F(t) applied at midspan is

00

W(I 2twhere= 2.t

rd

k'Fr

We eill consider the case where the applied force is repre-

sented by a half-sine pulse with respect to time.

10S
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Then the solution for each time domain (during and after the pulse)

may be written in terms of the convolution integral

2d awl)

4(r (D3)

and (/)i ,

2P/! "M .M

7r/f (D4)

Evaluating the integral, the deflection during the pulse is given by

2P4 /) ,0 L- I.

•÷r '=,,, i,. 4 ~sn. )zsr/
S--

(DS)

If " i2, however, the denominator of this expression is zero, and

the result is undefined. In this case, uiJ2 - 12 - ; for a

steady-state vibration problem, ths would correspond to a resonant

forcing function. For this special case, the following term must be

substituted. 1-- a ( /.

2PL 2  .i~'-

.. 106-""o: :,_ •!'• , W•'."=7:••
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After the pulse, the deflection is.

WV (D7)

unlesso8 i 2  in which case the ith term must be replaced by

1"41

7er214 (D8)

The strain due to bending is

(09)

The maximum value of this strain is reached at midspan. If we define

a dimensionless strain as

A _ _ _rE- bP/t xl.l4
(DlO)

then the solution in terms of this quantity is

*A

i'(. ,F6' 012)

107
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unless 1 2 i2, in which case the ith term must be replaced by

3/

A (D13)

(D14)

For most problems involving small impactors (large M), the contact

duration is short compared with the fundamental period of beam vi-

bration. Therefore, it is of interest to determine the peak bending

strain when tine pulse duration is short. It is observed in this case

that the peak strain occurs after the pulse, that is, in the domain

of eq. (D12), which may be written as

2.2

This quantity reaches its maximum at

Ir

when It has the value

7U94|ii'

AA

IOS
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APtDIX E

P=TAI REW LTS OF IRPACT EXPERI TS

In this appendix# data from all impact experiments conducted at

Drexel and also some reported in the literature are presented in both

tabular and graphical form. For cOMpleteness, several figures wihich

appear in the text have been included in this appendix.

1. o A ts of L goI-Iacto Strain M ea•urement Rxlnerimnts

Strain measuring impact tents have been performed on both aluminum

and eoqoaite ( graphite-epoy ) plates. A total of 475 experiments

were pertoMed on speoixes with clamnp edges awd P3 on pecimens with

449Jy aippotad edges.

Index to Large tzq'otor Desgn CD Ges

0laMed Plateis _______ Supored ___

iiLsr FI ure

0.074 112 0.074 140.15IC 0.111 B27
0.66 V 0."'66
0.189 V15 0.189 93?
0.22? £2942734
0025 13 0.25 125
00)0 SO 0.30 V40
0.41? Ell 0.41? 133
0.646 0.64 128
0.80 sil 0.80 £3
1.0 51 1.0
1.02 016 1.25

1.597 1.56 V9
2.4 rlO 2.4 332
3.3 319 3.3 341
4.0 32 4.0 224
4*4 920 4.41 342
5.29 114 5.29 36.02 19 6.o2 331

13" 9.0 1 9.0 3
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100

~2.0

1.0,
0.11 0.2 0.5 1.0

'Mass Ratio, H m

One-degree-of-freedom

34 Experiment

Figure Desio.gn curve and expe~rimental data for impact of a claaped
aluiminum Plate (q *1.0).
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8.0

4.0

'-4

2.0

,.4

1.0

0.3 0.5 1.0 2.0

Mass Ratio, M w m /m2

-- One-degree-of-freedom model

-X Experiment

Figure g2. Design curve and experime'ital data for impact of
a clamped aluminum plate (q - 4.0).

130
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1.0.

5.0C

A3.0

12.0

1.0 .xme.
0.2 0.5 1.0 210

.Mass Ratio, M ml/m2

Impact Experiments on Aluminum Plates

One-Degree-of-Freedom Model

Figure 13. Design curve and experimental data for impact of a* ,clamped aluminum plate (1/n - 0.25).
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8.0

4.0

20

,,,! I• a.o •

1.0

0.2 0.5 1.0 2.0

I1/ass Ratio,, M m

----- One-degree-oif-freedom model

X Experiment

Figu.-e 5. rcign curve and experimental data for impact of
a clamped aluminum plate (rn "'9.0).
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t

10.

6.0

S4.0

,•' 4

2.0

8. 0.5 1.0 2.0

Mass Ratio, m,

- One-degree-of-freedom model

X Experiment

FigureW. Design curve and experimental data for impact of a
clamped aluminum plate (l/ " 0.111).
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! 5.

0.1 0.2 M lm 0.5 1.0

-"--One-degree-of-freedom model

X Experim~ent~s

Figure S123. Design curve and experimental data for Impact of a
simly supported al•umnu plate (q*- 1.0).
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A3.0 _______ _____

E 2.0

1.0

0.2 0.5 1.0 2.0

Mass Ratio, M d

Figure 125. Design curve and experimental data for impact of a
simply supported aluminum plate (1/ni .0.-25).
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30

1.0

0.3 0.5 1.0 2.0

Mas .Ratio, H l- /m

-- One-degree-of-freedom model

X Experimant

Figure1•. Design curve and experimental data for impact of a
simply supported aluminum plate (n = 9.0).
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Figure 32?. Design curve and experimental data for impact of a
simply supported aluminum plate (1/n - 0.111).
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2. Results of Impact-to-Failure Experiments

Each specimen was impacted at a gradually increasing velocity

until damage was detected either by inspection or by use of a hand held

ultrasonic transducer and oscilloscope system.

The theoretical failure strain, •f, used in constructing the one-

degree-of-freedom model design curve is the surface strain obtained

when the strain in the outermost 0 lamina reaches the failure strain

supplied by the manufacturer (0.0112).
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TABLi

IMPACT FAILURE EXPERIMENTS PERFORMED ON

COMPOSITE BEAN SPECIMENS

Impact Mass Impact Failure Dimensionles

Mass, Ratio,. VelocityImpact
Mas ec Occurred Velocity,

M2 (kg) Mvm1 '2 v (m/sec yh/a 2

5.63 No 0.00333
0.1095 0.0562

6.32 No 0.00374

6.77 N 0.00400

6.95 No 0.00411

7.90 No 0.00467

7.00 Yes 0.00414

7.35 Yes 0.00435

7.53 Yes 0.00445

7.65 Yes 0 0,0-452

8.25 Yes OO48

8.66 Yes 0,00512

9.31 No 0.00O500. 0566 04 089 ---- _-__....

' 9.42 No 0.00557

10.30 No 0.00609

11.20 No 0.00662

11.13 Yes 0.00658

11.27 Yes 0.00666

11.47 Yes 0.00678
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TABLE •5 (continued)

Impact Mass Impact Failure Dimensionles
Mass, Ratio, Velocity, Impact

Occurred Velocity,
a2 (kg) Mwml/m 2  v (mfsec)2 1 2 v - vh/a 2

0.0566 0.1089 11.72 Yes 0.00693

12.97 Yes 0.00767

13.03 No 0.00770
0.0280 0.220

15.45 No 0.00913

_17.59 Yes 0.01040

19.17 Yes 0.01133

20.12 Yes 0.01190

23.07 Yes 0.01364

24.07 Yes 0.01423

24.10 Nes 0.01475

19.05 No 0.01126
0.01434 0.429 -

21,17 No 0.01252

21.97 No 0.01299

22.66 Yes 0.01340

23.39 Yes 0.01383

26.24 Yes 0.01551

t 28.42 Yes 0.01680

__ _ _ _33.43 Yes 0.01976

- . 1 -2
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2.0 .. -

Shear Failure

1.0

> -'No Shear Failure.0.5 -•

0

,0.2

S~~Bending Fallurei• 1 •

0.1

NO Beading Failure

0.02 . .. '...0.02 0.05 0.1 0.2 0.5 1.0

Kass R~tio, H

-- '--'-Critical Velocity for Shear Failure.

S.... V"Critical Velocity for Bending Fzilure

Experizerits on Graphite-Epoxy b~eas..•

9 Failure" 14Noo Failure

igure'S4o Critical Impact velocities for shear and bending

failure and experimental data--a bediug-dominated.
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3. LsUlt of Small Impactor Strain Measuring Experiments

Plate specimns vere impacted by l"(25ua) radii aluminum projectiles

fired from an air SuM. Iapactor velocities vere recorded using a photo-

diode system. Plate strain was recorded using type EA-13-062TT rosettes

and a type 565 dual beam oscilloscope.

N



MADC.78259-60

TABLE 37

DATA FROM EXPERIMENTS ON SIMPLY SUPPORTED

BEAMS IMPACTED BY SHALL MASSES

B aass Impact Contact Generalized _

DiBeam Mass, Ratio, Velocity, Stiffuess, Strain,

Dinesins *3/2 - . 2
and Material N-ml/m 2 v (m/sec) k 2 (N/m2) E - ca /hv

27.0 6.37 2;466x10 1 0  0.0795 0.0184
0.389 kg

" 13.17 " 0.0814 0.0175

19Z x 16.x 16 m .,--
13.8 8.72 " 0.1229 0.0315

steel " 12.19 of 0.1489 0.0369

6.85 5.49 " 0.2388 0.0739

8 0.153 ft 0.2512 0.0743

3.54 6.28 *' 0.3224 0.0554

_ _ _ 8.1 "0 ~ 6 1Q793

13 4l9.33 " 0.393 0.1171

0.601 k1g 41.8 10.88 " ,0.080 0.01142

"35 1"6a 14.87 "0.0790 0.01092

13.8 7.92 " 0.1033 0.01703
Itel11I.06 0.1076 ý0.01714

11.2 7.5., 0 ...... -0... .176.6 .. . 03.o 41

" "12.37 It 0.1800 0.0330

---.-

5.88 6.16 0 , 1 .2478 o.o054

""8.11 0 . 2662 • . 0579

0.1096 kg. alu,,iuu.=. 1.93 4.39. ....... .0.475 0,1689

152 x 20 x 12. 7 m " 6.92 0.462 to.21569

••" ' •203
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TABLE ? (continued)

Beam a Mass Impact Contact Generalized -

Dimensions, Ratio, Velocity, Stiffness Strain,

and Material /v (2/see) k2 (N/m3 /2) - 2 ca2/hv
_l,"a m , 2 "

041.8 10.58 1.744x1010  0.0760 0.01166So0.601 kg

" 12.71 " 0.0761 0.01146
'305 x 16 x 16 - -

23.8 9.42 " 0.1242 0.0216
:i ~steel ,s12.53 0.1235 0.0208

11.2 5.33 " 0.1534 0.0328

12.01 0,1611 0.0317

5.88 5.39 " 0.2345 0.0570

i " 7.71 " 0.2799 0.0656

100.360 kg 23.0 1. !1131 2.466... 0.,0868 0.0203
" 14.42 0.0978 0.0223

185 x 16 x 16=' ".. . .. .

12.8 8.11 to 0,1523 0.0421
steel

.10.70 0.1647 0.0442

6,34 8.20 0.2563 0.081 4

" 10.2 0.2434 0.075,

3.27 5,73 . " 0.3252 0.122i

" 8.60 0.3203 0.1155

0.1074 kg, steel 1.89 3190 0.458 0.2222

98x 15 x 9 s 6.40 0.465 0,2147
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TABLEIS

DATA FROM GOLDSMITH (1960)

Beam Mass, Mass Impact Contact Generalized -

Dimensions, Ratio, Velocity, Stiffness, Strain C
and Material /0m/e) 2 Nla 12

MINIM 1 a 2 v (Msec) k iam32 Ili/v

3.66 kg 6.44 0.405 3.48'7x1.010  0.262 0.0563

762 x 25.4 x 25.4 it1.338 to 0.286.. 0.0500
va2.54 0.311 0.0510

steel 2.12 0.408 '0.520 0.1278

1.271 "0.564 0.1237

U1.777 ' 0.584 0.1239

57.0 2.40 4.894x10 0.148 0.00932C56.9 kg -
23.7 2.47 0.247 0.01855

2900 x50x 50 m
to3.00 0.237 0.03740

steel -

3.40 ' 0.260 0.01886

'44.75 0.239 0.01676

11.41 2.40 '40.365 0.03173

________6.34 2.40 '40.420 0.04107

3.6kg tel55.0 1.125 1.744x101 0.0802 0.01065
72x5.452 5.4 tr _______

2.170*kg, steel 266. 45.7 1.233xl' 10  0.28 0016

1.44 kg stel 11.2 45. '40.0259 0.001625

762x19x12.7 rim

0.965 kg, steel 118.2 45.7 0.0713 . 0.003228
-2x12,7,x, 7mt
0.482 kg, steel 591 4.7 1 0.1578 0.007144
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'TABLE £9

Impact of Composite Plates by Small Masses

0ooo 40,38 4, •'aw

3•ZI 3,756 -,03Y"

A Y7 3.50 to, O__

30 29.7 3.75 O,,Off

F2 32.3 _____, S,03 _.___,

"//W /8,3 6, 6 ,C93
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TABLE E1O

Data Fr:,, Schwieger

170 0,25* /9,7 0, Of28
•!35" 0,51 21, 5 O, o 3•s

53/ &75 23,3 ____

F 1-26' 2548 0,0S'31

/283 A 75" ?7,6 6.A313

,/Z, 20,3 0, ooe

7"7* FS /,o.. to~o~ 0?t
__7 _ V-7 0,011_

1417 7.-1 M

I

• •• •,•. ... ...... . ....
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ff.~:HL~f~ijI.~.Approximate solution

+PT45}.+X :'XDrexel's experiments

.........
~ V .:'

TV -= ___

~1~~~_.........-- :2s

77. -17 7. 1 1 . 7 1

1 2:

Vigsjre&520 Strain Curve for impact Of Simply Supported
V Rectangular Plate by a Small Impactor.f 209
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4. Typical Strain.vs. Time Oscilloscope Traces for Impact of Clamped and

Simply Supported Orthotropic Plates by Large Impactors.

A)

'Al
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Scale:

2000 vi M/div

verticAl

0.5 msec/div
horizontal

a) Simply Supported

61-i171-O

scale:

4000 V, M/div
vertical

l0.5 Usec/major
horizontal

b) Clamped

Figure U53: Impact of Specimen B3, M = 0.21, Impact Velocity = 1.73 m/s
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Scale:

2000 )1 M/div

vertical
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a) Simply Supported
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, .. Scale:

4000 P Ma/div
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horizontal

b) Clamped

Figure 154: Impact of Specimen B3, X - 0.21, Impact Velocity - 2.45 a/see
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Scale:

1000 IA '/div

vertical
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1Jfpie E55 IftPact of Specimen B76 i- 2H8, wa~act Velocity - 1.73
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Scale
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b) Clamped

Figure B56: IMpAct of Specimen B7$ X 2.38o Impact Velocity *2.49 u/see.
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Appendix F

The Effect of the Approximation H - f on the

Predicted Impact Response of an Orthotropic Plate

To simplify the analysis of the bending and vibration of specially ortho-

tropic plates, Timoshenko and Woinowsky-Krieger j13] have suggested the approx-

imation

H - fDI1D22 (Fl)

where H is defined as

H E D12 + 2D66

An advantage of using this assumption is that the equation governing bending

of an orthotropic plate may be transformed$ through a simple change in variables,

into an equation similar to the equation governing bending of an isotropic plate.

By reversing the transformation, a solution for the deflection of an Isotropic

plate may be converted into the corresponding solution for an orthotropic plate.

This is done in Appendix B for a centrally loaded rectangular plate with clamped

boundary conditions; the approximation (F1) is instrumental in this instance

"because no general solution exists for the orthotropic case.

Like all approximations, however, application of Eq. (11) introduces sons

error into the solution. In this Appendix, we investigate the influence of this

approximation on the strain predicted by the one-degree-of-freedom model of

Impact of a simply supported rectangular orthotropic plate. This is done by

deriving the relationship between the generalized strain c and the uses ratio M,

both with and without the use of Eq. (11), and then cooparin the results.
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The static deflection of a simply supported rectangular orthotropic plate

due to a central concentrated load P is (10]

snmX s- nMY s in W sin-2 f
Y~) 4Pv a b ina b

4' M4 2 2 4.b~ - D+2---+R

a4 ll a2b2  b 4 2 2

where a and b are the plate dimensions in the x and y directions. If we define

nias in Sq. (16) an

€- 2

then the maxims deflection, which occurs at the canter of the plate, may be

cxpressed as
w -aX P/1K

where
11 1 (2w4 b

3-- - (F2)

,,.. (ton) L u,. odd
ma a li

Similarly, the mazius x-direction bendng strain, which also occurs at

the plate center, my be eupressed as

2 Ph& ,(Vn
* 2Pb

D~ b

2h a K

91

1* -
2 U ~ 2

U2
'wtere 12 (ClO)a a,* odd..!., i. -
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Therefore, the strain-deflection constant, defined in Eq. (6), is

r2 1b
DII 1 (P3d 2k=2 a K1  P2 (c•i) (3

To apply the one-degree-of-freedom ipact model to this case, we substitute

Eqs. (F2) and (P3) into Eq. (8) with e - 0 and define the generalized strain
x

as in Eq. (21) to obtain

- G(Cn)
S.(F4)

where

G 1(Con)

Note that the approximation (Fl) corresponds to setting C 1. Thus, if

this assunption is used, then the approximate relation between x and K,

corresponding to Eq. (22), is
S 1 (0,n)

05s)

Therefore, the correction required to adjust the approximte generalized sarain

C given by Eq. (QS) to rhe exact value given by Eq. (F4) is

This error is plotted vs. C for a fev values of n in Fig. VI. Noes that

S the uagnitude of this error does cot exceed 17 for the range of t values

calculated and is less than 92 for mest lay-upa cosmnty used in actual aircraft

structures, which lie in the range 0.60 < c 1.6. (Lay-tip. havig C values

outside this range [e.g., C " 0.31 for unidirectional AS/3501-61 rarely bhve

practical application as plate atructures.) Further, for the range of ; valuss

of the plate specimens used in the impact &saperwmts, this errot is always less

than 6.5Z.

2.7
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In Table F1, the actual values of i, n, and the error in predicted generalized

strain E(•x) for the plate specimens are summarized. The largest value of error

among all of the plates is only 5.4%. Therefore, we conclude that the 4pproxi-

motion of Eq. (F1) does not contribute a significant error to the design curve

for impact of simply supported plates by large impactors. We my infer that a

similarly swal correction is required for orthotropic plates with other boundary

conditions.

Table It

Error in Predicted Generalized Strain

for the Plate Impact Specimens

Plate HFaE
'ID K

1112 )il

B1 1.430 0 .625 -3.61

B2 0.164 -4.2

B3 2.39 -3.7

14 0.625 -3.6

B5 0.074 -4.0

16 5.29 -5.4

!7 1.38 -3.2

B8 0.282 -4.1

B9 0.625 -3.6

11 1.252 0.641 -2.2

12 0.168 -2.6

32.45 -2.3

14 O.64l -2.2

Ul 1.270 1.150 -2.1

32 0.302 -2.7

13 4.41 -3.3

84.5 -2.1
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